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A LOCAL-EFFECTIVE RELATION IN PLANAR LINEAR
ELASTICITY
DAG LUKKASSEN?†, ANNETTE MEIDELL?†, AND KLAS PETTERSSON?
Abstract. We give an example of a relation between local and effective proper-
ties for elastic structures, up to geometric constants. The model considered is a
periodic structure with isotropic and homogeneous local elasticity tensor in planar
linear elasticity. The corresponding physical model is a flat two dimensional
body with holes as, for example, a perforated plate.
1. Introduction
In this paper we consider the effective elastic properties of a periodic structure
in planar linear elasticity. The structure is assumed to be two dimensional with
stress-free holes and locally isotropic. We show that the relation between local and
effective elastic properties is elementary under natural hypotheses. The result is
an extension of previous work by Vigdergauz [17], which is closely related to the
CLM theorem [3], and gives an example of a so-called link in the general theory
described in [12].
In [13, §44] Muskhelishvili has given a characterization of the dependence of the
state of stress on the elastic moduli for homogeneous isotropic bodies in the planar
theory of linear elasticity. He has shown that for multiply connected domains with
external forces applied to each connected part of the boundary which are separately
zero, the state of stress does not depend on the elastic moduli. If on the other hand
there are holes with nonzero external forces, the state of stress do depend on the
value of λ/µ, where λ and µ are the Lame´ moduli. Here it seems that attributions
could be made to Levy [9] and Michell [11].
In [15] Olver has shown that every linear planar anisotropic elastic material
is equivalent, under a linear change of coordinates, to an orthotropic material.
In particular, he has shown that two isotropic Lagrangians determine the same
orthotropic Lagrangian if and only if their Lame´ moduli are proportional λ/µ = λ˜/µ˜.
In [3] Cherkaev, Lurie, and Milton have investigated the dependence of effective
elastic properties of composite materials on the value of the Poisson ratio ν =
(1 + µ/λ)−1. They have shown that a uniform shift in the Poisson ratio gives the
same shift in the effective elastic properties of the material under the assumption of
effective isotropy.
Date: July 16, 2015.
1
ar
X
iv
:1
20
6.
69
93
v2
  [
ma
th.
AP
]  
22
 Ju
l 2
01
5
A LOCAL-EFFECTIVE RELATION IN PLANAR LINEAR ELASTICITY 2
In [17] Vigdergauz has extended the result of [3] to planar elastic structures with
effective square symmetry. In particular, he has shown that
1
K∗
=
1
K
+A1
( 1
K
+
1
µ
)
1
µ∗
=
1
µ
+A2
( 1
K
+
1
µ
)
1
µ∗45
=
1
µ
+A3
( 1
K
+
1
µ
)
,
where Ai are geometric constants, K denotes the local bulk modulus, K
∗ is the
effective bulk modulus, and µ∗, µ∗45 are the effective shear moduli.
We give an extension of Vigdergauz’s result to the case when the effective elastic
tensor is allowed to be anisotropic. This leads to six geometric constants instead
of the three for effective square symmetry. We show that the inverse s∗ijkl of the
effective elasticity tensor c∗ijkl satisfies the equation (Theorem 2.1)
s∗ijkl = s1111dijkl + s1212eijkl, (1)
where dijkl are constants which do not depend on the local elasticity tensor cijkl,
and eijkl are constants independent of both geometry and elastic moduli. Like the
CLM and Vigdergauz theorems, the relation (1) separates the dependence of the
effective elasticity tensor on the geometry from the dependence on the local elastic
properties in the material.
The proof of (1) we give below is based on the stress invariance of Muskhelishvili.
This approach has been illustrated in the note [10] for a class of effectively square
symmetric structures.
2. Statement of result
In a bounded Lipschitz domain Ω in R2 we consider the total elastic energy
corresponding to a displacement u given by
I(u) =
∫
Ω
W (∇u(x)) dx, (2)
where W is a symmetric quadratic stored energy function of the material:
W (∇u) =
∑
i,j,k,l
aijkl
∂ui
∂xj
∂uk
∂xl
.
The variational moduli aijkl are assumed to satisfy aijkl = aklij . By the symmetry
of W there are elastic moduli cijkl such that
W (∇u) = 1
2
∑
i,j,k,l
cijklεij(u)εkl(u),
and
cijkl = cjikl = cklij , (3)
where ε denotes the symmetric part of the gradient. The elastic moduli are assumed
to be bounded and satisfy the Legendre-Hadamard strong ellipticity condition:
There are positive constants κi such that
κ1|ξ|2 ≤
∑
i,j,k,l
cijkl(x)ξijξkl ≤ κ2|ξ|2,
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for almost every x in the domain and every symmetric ξ. The Euler-Lagrange
equations corresponding to (2) are∑
j,k,l
aijkl
∂2uk
∂xj∂xl
= 0,
which in terms of the elastic moduli may be written
div σ(u) = 0,
where
σij(u) =
∑
k,l
cijklεkl(u)
is the Hooke law.
The material is homogeneous if cijkl are constant on Ω. The material is isotropic
if the stored energy function has the form
W (∇u) = 1
2
∑
i,j,k,l
cijklεij(u)εkl(u) = µ|ε(u)|2 + λ
2
(tr ε(u))2,
where µ and λ are the Lame´ moduli; tr denotes the trace. In addition to (3) the
components of an isotropic tensor thus satisfy
c1111 = c2222 = c1122 + 2c1212, c1112 = c2212 = 0.
Let Ωh be a periodically perforated domain constructed as follows. Let Q
be a bounded and connected domain contained in some translation Y of the
periodicity cell (0, l1)× (0, l2). We assume that the periodically extended domain
Q˜ = Int Cl(Q+ l1Z× l2Z) is connected and Lipschitz. For h > 0, we set Ωh to be
interior of the union of all translates Cl(Q+ (l1k1, l2k2)) contained in Ω, k ∈ Z2.
In the periodically perforated domain Ωh we consider the total elastic energy
Ih(u) =
1
2
∫
Ωh
∑
i,j,k,l
cijkl(
x
h
)εij(u)εkl(u) dx, (4)
where the elastic moduli are assumed to be Y -periodic.
We say that a vector u ∈ H1(Q)2 is quasiperiodic if u− ξx ∈ H1per(Q)2 for some
constant matrix ξ, where H1per(Q) denotes the closure in H
1(Q) of the smooth
periodic functions C∞per(Y ). We call ξ the quasiperiod of u.
In the asymptotic limit as h tends to zero, the functional Ih behaves as the
homogenized functional
I∗(u) =
1
2
∫
Ω
∑
i,j,k,l
c∗ijklεij(u)εkl(u) dx,
where the effective elastic moduli c∗ijkl are homogeneous and defined for symmetric
ξ by
c∗ijklξkl =
1
|Y |
∫
Q
cijklε(u
ξ) dx, (5)
where uξ is quasiperiodic in Q with quasiperiod ξ and a minimizer of the total cell
energy
J(u) =
1
2
∫
Q
cijklεij(u)εkl(u) dx.
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The effective tensor defined by (5) is by the strong ellipticity and periodicity,
positive definite on the set of symmetric matrices [14].
The asymptotic behavior of the functional Ih(u) may be illustrated by the
Dirichlet boundary value problem
div σ(u) + f = 0 in Ωh,
u = 0 on ∂Ω.
The sequence of solutions uh ∈ H10 (Ωh, ∂Ω) to the above problem admits an
asymptotic expansion of the form
u0 + h
∑
i
N i
(x
h
)∂u0
∂xi
in the sense that ∥∥uh − u0 − h∑
i
N i
(x
h
)∂u0
∂xi
∥∥
H1(Ωh)
→ 0,
as h tends to zero, where u0 is the minimizer of I
∗(u) + |Q||Y |−1 ∫Ω fudx on H10 (Ω),
and N i are auxiliary periodic functions. See [8, 14].
The first assertion (a) in the following theorem is the result of this paper. For
isotropic effective tensors it has been observed numerically in [4]. The second part
(b) is a version of the CLM theorem [3], which is covered by the same argument of
proof.
Theorem 2.1. Let cijkl be a homogeneous and isotropic elasticity tensor in the
perforated periodicity cell Q. Let c∗ijkl be the effective elasticity tensor defined by (5)
with local tensor cijkl. Let sijkl and s
∗
ijkl be the inverses of cijkl and c
∗
ijkl, respectively.
Then there exist constants dijkl, which are independent of cijkl, such that
s∗ijkl = s1111 dijkl + s1212 eijkl, (a)
where eijkl satisfies eijkl = ejikl = eklij and are defined by e1122 = −2e1212 = −2,
with the rest of the components equal to zero.
Let c
(1)
ijkl and c
(2)
ijkl be two smooth isotropic elasticity tensors on Q. Let c
∗(1)
ijkl and
c
∗(2)
ijkl be the effective elasticity tensors defined by (5) with local tensors c
(1)
ijkl and c
(2)
ijkl,
respectively. Let s
(1)
ijkl, s
(2)
ijkl, s
∗(1)
ijkl , and s
∗(2)
ijkl be the inverses of c
(1)
ijkl, c
(2)
ijkl, c
∗(1)
ijkl , and
c
∗(2)
ijkl , respectively. Suppose that
s
(1)
1122 − s(2)1122 = −2(s(1)1212 − s(2)1212) = constant.
Then
s
∗(1)
ijkl − s∗(2)ijkl = (s(1)1212 − s(2)1212)eijkl = s(1)ijkl − s(2)ijkl. (b)
A proof of Theorem 2.1 is presented in Section 3. In Section 4 we prove the
lemmas stated in Section 3.
3. Proof of Theorem 2.1
Theorem 2.1 is concerned with the effective elasticity tensor defined by (5). In
the following we will therefore only work in the periodicity cell Q or a periodic
extension of it. An exception is Lemma 3.3, which is of a more general nature.
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We choose curves connecting opposite sides of the perforated periodicity cell Q.
Let γ1 be a smooth curve connecting two points in ClQ with l1 as the difference
between the x1 components, and with equal x2 components. We assume that γ1 is
separated from any possible hole in the global structure, that is dist(γ1, ∂Q˜) > 0.
Moreover, we suppose that the x1 component of the unit tangent τ to γ1 is always
positive. Such a curve γ1 exists by the connectedness of Q and its periodic extension
Q˜. Let γ2 be an analogue curve in the x2 direction, by interchanging all the indices.
For scalar valued φ and vector valued ϕ, we denote
curlφ =
(
∂φ
∂x2
,− ∂φ
∂x1
)
, curlϕ =
∂ϕ2
∂x1
− ∂ϕ1
∂x2
.
We choose the following curves in the extended domain. Let γ′1 be the translate
of γ1 such that the left endpoint of γ
′
1 is the common point of γ1 and γ2. Then let
γ′2 be the translate of γ2 such that its lower endpoint is the left endpoint of γ′1. Let
Q′ be the intersection of Q˜ and the region of R2 bounded by
Γ := γ′1 ∪ γ′2 ∪ ((0, l2) + γ′1) ∪ ((l1, 0) + γ′2).
The domains and the curves are illustrated in Figures 1 and 2(a)–(c).
When there is only one displacement field u and one elasticity tensor cijkl under
consideration we will write σ in place of σ(u) where σij(u) =
∑
k,l cijklεkl(u).
Similarly, ε = ε(u) and ω = ω(u), where ω denotes the antisymmetric part of the
gradient: ∇ = ε+ ω.
Lemma 3.1. Let cijkl be a constant isotropic elasticity tensor on Q, periodically
extended. Suppose that u is quasiperiodic on Q with symmetric quasiperiod ξ.
Assume that div σ = 0 on γ1 ∪ γ2. Suppose that cijkl and u are smooth in some
neighborhood of γi. Then
ξ11 = −2s1212|Y |
∫
Q
σ22 dx+
s1111
l1
∫
γ1
((trσ, 0)− x2 curl trσ) dx,
ξ22 = −2s1212|Y |
∫
Q
σ11 dx+
s1111
l2
∫
γ2
((0, trσ) + x1 curl trσ) dx,
ξ12 =
2s1212
|Y |
∫
Q
σ12 dx+
s1111
2l1
∫
γ′1
((trσ, 0) + x1 curl trσ) dx
+
s1111
2l2
∫
γ′2
((0, trσ)− x2 curl trσ) dx,
where sijkl is the inverse of cijkl.
For pairs of elasticity tensors c
(1)
ijkl, c
(2)
ijkl, and the corresponding inverses, stresses,
etc, we will use the prefix ∆ to denote the difference. For example, ∆cijkl =
c
(1)
ijkl − c(2)ijkl.
Lemma 3.2. Let cijkl be an isotropic elasticity tensor on Q, periodically extended.
Let u be quasiperiodic on Q with symmetric quasiperiod ξ. Suppose that cijkl and
u are smooth in some neighborhood of γi. Assume that div σ = 0 on γ1 ∪ γ2. Let
sijkl denote the inverse of cijkl. Assume that sijkl is shifted in such a way that
∆s1122 = −2∆s1212 = constant. Then
∆ξ = −2∆s1212|Y |
∫
Q
(
σ22 −σ12
−σ12 σ11
)
dx.
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The following result is concerned with the dependence of the stress on the
elasticity tensor for the Neumann problem. See [13, §44].
Lemma 3.3. Let the elasticity tensor cijkl be smooth and isotropic on a bounded
and connected Lipschitz domain Ω in R2. Then the stress σ does not depend on
the elasticity tensor in the pure Neumann problem on Ω with 〈σν, 1〉Γ = 0 for all
connected components Γ of ∂Ω,
(i) if cijkl is constant, or
(ii) if ∆s1122 = −2∆s1212 = constant,
where sijkl denotes the inverse of cijkl. In (i) the condition on the data is necessary
if ∆(cijkl/c1111) 6= 0. On the other hand, if cijkl is constant and ∆(cijkl/c1111) = 0,
the condition on the data can be relaxed to just equilibrium, 〈σν, 1〉∂Ω = 0, and the
stress does not depend on the specific components of the elasticity tensor.
Figure 1. An interior part of a periodically perforated structure.
(a) (b) (c)
Figure 2. (a) A periodicity cell Q with curves γ1 and γ2. (b)
Translations γ′1 and γ′2 of γ1 and γ2, respectively. (c) The domain
Q′, with outer boundary Γ corresponding to the curves in (a) and
(b); Q′ has no cusps.
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Proof of Theorem 2.1. Since c∗ijkl defined by (5) is positive definite, we have that
for every average stress there exist a unique stress field σ that, by Lemma 3.3,
does not depend on the isotropic local elasticity tensor cijkl. This is because the
boundary of any hole in the global problem is stress-free and hence the average
normal stress on the outer part Γ0 of the boundary of Q vanishes by the Green
formula. The corresponding quasiperiodic displacement field u is unique up to a
translation. The symmetric quasiperiod ξ of u is therefore uniquely determined by
σ and cijkl.
Let 〈σ〉 denote the average stress |Y |−1 ∫Q(σ11, σ22, σ12) dx, which we will let vary
over the canonical basis of R3. With 〈σ〉 = (1, 0, 0), (5) gives s∗1111 = ((c∗)−1)1111 =
ξ11. Since cijkl is isotropic, ξ is symmetric, and div σ vanishes, there exists by
Lemma 3.1 a real constant d1111, which depends only on σ and hence not on
cijkl, such that s
∗
1111 = s1111 d1111. Moreover, by the same equation, there exists
constants d1122 and d1112 such that s
∗
1122 = −2s1212 + s1111 d1122 and s∗1112 =
s1111 d1112. With 〈σ〉 = (0, 1, 0), we similarly find constants d2222 and d2212 such
that s∗2222 = s1111 d2222 and s∗2212 = s1111 d2212. Finally, with 〈σ〉 = (0, 0, 1), we find
a constant d1212 such that s
∗
1212 = s1212 + s1111 d1212. Let d have the entries dijkl
defined above such that it satisfies the symmetries dijkl = djikl = dklij . Let eijkl
be as in the statement of the theorem. Then s∗ = s1111 d+ s1212 e, where dijkl and
eijkl do not depend on cijkl by construction.
We argue in the same way for the case when cijkl is changed in such a way
that ∆s1122 = −2∆s1212 = constant. First, we have ∆s1111 = 0 by isotropy, and
by the assumption of uniform shift of the not necessarily constant compliance
tensor sijkl, the stress is invariant by (ii) in Lemma 3.3. By Lemma 3.2, we
have ∆s∗1111 = ∆ξ11 = 0, ∆s∗1122 = −2∆s1212 = ∆s1122, and ∆s∗1112 = 0, for
〈σ〉 = (1, 0, 0). For 〈σ〉 = (0, 1, 0), we find ∆s∗2222 = 0 and ∆s∗2212 = 0. Finally, we
find ∆s∗1212 = ∆s1212 for 〈σ〉 = (0, 0, 1). In conclusion, ∆s∗ = ∆s1212 e = ∆s. 
4. Proofs of Lemmas 3.1–3
In this section we prove Lemma 3.1–3.3. We will use the following Cesa`ro formula.
Let ςij denote 0 if i = j, and 1 otherwise.
Lemma 4.1. Let cijkl be an elasticity tensor. Let u be quasiperiodic on Q with
quasiperiod ξ. Suppose that cijkl and u are smooth in some neighborhood of γi.
Then
ξij + ωji(α)
=
1
li
∑
q,r,s,t
(1
2
∫
γi
sjrstσst dxr + ςrj
∫
γi
∂(srqstσst)
∂xj
xr dxq − ςrj
∫
γi
∂(sjqstσst)
∂xr
xr dxq
)
,
where sijkl is the inverse of cijkl, and α is the starting point of the integration along
γi.
Proof. Since u is quasiperiodic and smooth in a neighborhood of γi, and the
endpoints α and β of γi have equal components except for the iths, we have by the
Newton-Leibniz formula,
ξijli = uj(β)− uj(α) =
(∫
γi
∇u dx
)
j
=
(∫
γi
ε dx
)
j
+
(∫
γi
ω dx
)
j
.
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By the linear relation between ε and σ, and the nonsingularity of the elasticity
tensor cijkl, we have(∫
γi
ε dx
)
j
=
∫
γi
∑
r
εjr dxr =
∑
r,s,t
∫
γi
sjrstσst dxr. (6)
By the smoothness of u, an integration by parts yields(∫
γi
ω dx
)
j
= liωji(α) +
∑
k,r
r 6=j
∫
γi
∂ωrj
∂xk
xr dxk,
where we used that ω is periodic since u is quasiperiodic. After using that
∂ωrj
∂xk
=
∂εrk
∂xj
− ∂εjk
∂xr
,
one finds∫
γi
∂ωrj
∂xk
xr dxk =
∑
s,t
(∫
γi
∂(srkstσst)
∂xj
xr dxk −
∫
γi
∂(sjkstσst)
∂xr
xr dxk
)
.
Thus(∫
γi
ω dx
)
j
= liωji(α) +
∑
k,r,s,t
r 6=j
(∫
γi
∂(srkstσst)
∂xj
xr dxk −
∫
γi
∂(sjkstσst)
∂xr
xr dxk
)
.
This together with (6) give the asserted equality. 
To compute the average stress we use the following formulas.
Lemma 4.2. Let the local elasticity tensor cijkl be smooth on Q and Y -periodic.
Suppose that u is a quasiperiodic minimizer of
∫
Q ε(u)·σ(u) dx. Then for i 6= j,∫
Q
σii dx = li
∫
γj
(σν)i dx,
∫
Q
σij dx = lj
∫
γi
(σν)i dx.
Proof. Since u is quasiperiodic and minimizes the elastic energy, u is the unique
solution, up to translation, to the equation
div σ = 0 in D′(Q˜)2,
σν = 0 in H−1/2(∂Q˜)2.
Since σ and div σ have components in L2(Q′), it follows from the Green formula
that ∫
Q′
(σ11, σ12) · ∇ϕdx+
∫
Q′
div(σ11, σ12)ϕdx = 〈(σν)1, ϕ〉,
for any ϕ ∈ H1(Q′). By the regularity of u and the vanishing of σν on ∂Q˜, we have
that σν ∈ L2(∂Q′)2. See [6]. Hence
〈(σν)1, ϕ〉 =
∫
γ′1
(σν)1 (ϕ(x)− ϕ(x1, x2 − l2)) dx
+
∫
γ′2
(σν)1 (ϕ(x)− ϕ(x1 − l1, x2)) dx,
where we in the last step made a change of variables and used the periodicity of σ
and the opposite signs of the outward unit normals.
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Let ϕ = x1. Then ϕ(x1, x2 − l2) = ϕ(x) and ϕ(x)− ϕ(x1 − l1, x2) = l1. Thus
〈(σν)1, ϕ〉 = l1
∫
γ′2
(σν)1 dx = l1
∫
γ2
(σν)1 dx,
where we in the last step used the periodicity of σ. Since ∇ϕ = (1, 0) and div σ = 0,
we have by periodicity and the Green formula that∫
Q
σ11 dx =
∫
Q′
σ11 dx = l1
∫
γ2
(σν)1 dx. (7)
With ϕ = x2, we obtain in the same way,∫
Q
σ12 dx = l2
∫
γ1
(σν)1 dx. (8)
By the symmetry with respect to the indices, the equations corresponding to (7)
and (8) are∫
Q
σ22 dx = l2
∫
γ1
(σν)2 dx,
∫
Q
σ12 dx = l1
∫
γ2
(σν)2 dx,
which completes the proof. 
Proof of Lemma 3.1. By Lemma 4.1 we have
ξ11l1 =
∑
r,s,t
∫
γ1
s1rstσst dxr +
∑
q,s,t
(∫
γ1
s2qst
∂σst
∂x1
x2 dxq −
∫
γ1
s1qst
∂σst
∂x2
x2 dxq
)
.
By Lemma 4.2 we have
1
l2
∫
Q
σ22 dx =
∫
γ1
(σν)2 dx =
∫
γ1
σ22 dx1 −
∫
γ1
σ12 dx2,
1
l1
∫
Q
σ11 dx =
∫
γ2
(σν)1 dx =
∫
γ2
σ11 dx2 −
∫
γ2
σ12 dx1.
The representation of ξ11 is obtained after a short calculation using the isotropy:
ξ11l1 = s1111
∫
γ1
((trσ, 0)− x2 curl trσ) dx− 2s1212
l2
∫
Q
σ22 dx,
where we in the last step used div σ = 0. Similarly, we find
ξ22l2 = s1111
∫
γ2
((0, trσ) + x1 curl trσ) dx− 2s1212
l1
∫
Q
σ11 dx,
from which the representation of ξ22 follows.
We turn to ξ12. Let α denote the common point of γ1 and γ2. By Lemma 4.2
and the periodicity we have
1
l2
∫
Q
σ12 dx =
∫
γ′1
(σν)1 dx =
∫
γ′1
σ12 dx1 −
∫
γ′1
σ11 dx2,
1
l1
∫
Q
σ12 dx =
∫
γ′2
(σν)2 dx =
∫
γ′2
σ12 dx2 −
∫
γ′2
σ22 dx1.
A LOCAL-EFFECTIVE RELATION IN PLANAR LINEAR ELASTICITY 10
By periodicity it follows from Lemma 4.1 that
(ξ12 + ω21(α))l1 = s1111
∫
γ′1
((0, trσ) + x1 curl trσ) dx+
2s1212
l2
∫
Q
σ12 dx,
(ξ21 + ω12(α))l2 = s1111
∫
γ′2
((trσ, 0)− x2 curl trσ) dx+ 2s1212
l1
∫
Q
σ12 dx.
Since ξ is symmetric and ω is antisymmetric, we have
2ξ12 =
s1111
l1
∫
γ′1
((trσ, 0) + x1 curl trσ) dx
+
s1111
l2
∫
γ′2
((0, trσ)− x2 curl trσ) dx+ 4s1212|Y |
∫
Q
σ12 dx,
which completes the proof. 
Proof of Lemma 3.2. By considering the differences ∆ξij and carrying out the same
calculations as in the proof of Lemma 3.1, the result is obtained by noting that the
supposed shift for isotropic cijkl means, in particular, that ∆c1111 = 0. 
The boundary data in Lemma 3.3 is understood to belong to H−1/2(Γi) and is
naturally assumed to satisfy
∑
i〈σν, 1〉Γi = 0 in either of the cases (i) and (ii). Here
〈·, ·〉Γi denotes the pairing of H1/2(Γi)2 and its continuous dual, where Γi are the
connected components of ∂Ω with Γ0 being the outer part. See [1].
By the connectedness of Ω, an element v ∈ L2(Ω)2 satisfies div v = 0 and
〈vν, 1〉H1/2(Γi) = 0 if and only if there exists a unique φ ∈ H1(Ω)/R such that
v = curlφ. Moreover, the following Helmholtz decomposition holds:
L2(Ω)2 = curl{φ ∈ H1(Ω) : φ|Γ0 = 0, φ|Γi = constant} ⊕ ∇H1(Ω) (9)
where the sum is direct [7, Chapter 2].
A necessary and sufficient condition on symmetric vij ∈ L2(Ω) that guarantees
the existence of a displacement field u ∈ H1(Ω)2 such that v = ε(u) is due to
Donati: ∑
i,j
∫
Ω
vijϕij dx = 0, (10)
for all symmetric ϕ with components in C∞0 (Ω) and such that divϕ = 0. See [2, 5,
16].
Proof of Lemma 3.3. By the Fre´chet-Riesz argument, there exists a unique u ∈
H1(Ω)2/ ker(ε) such that
div σ = 0 in D′(Ω)2,
σν = gi in H
−1/2(Γi)2,
for any such gi satisfying 〈gi, 1〉Γi = 0. Let σ be the solution to the above problem
for some given gi with constant and isotropic elasticity tensor on Ω. Then σ has
components in L2(Ω) and thus there exists φ ∈ H1(Ω)2 such that
σ11 =
∂φ1
∂x2
, σ22 = −∂φ2
∂x1
, σ12 = −∂φ1
∂x1
=
∂φ2
∂x2
, (11)
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where the last equation comes from the symmetry of σ. The condition (10) can be
written as follows in terms of φ, for any symmetric ϕ with components in C∞0 (Ω)
satisfying divϕ = 0,
0 = −
∑
i,j
∫
Ω
εijϕij dx = s1111
∫
Ω
curlφ trϕdx.
Indeed, ∑
i,j
εijϕij = s1111
(
∂φ1
∂x2
− ∂φ2
∂x1
)
(ϕ11 + ϕ22)
+ 2s1212
(
∂φ2
∂x1
ϕ11 +
∂φ2
∂x2
ϕ12 − ∂φ1
∂x1
ϕ12 − ∂φ1
∂x2
ϕ22
)
,
where we in the last step used (11) and the isotropy. Moreover,∫
Ω
(
∂φ2
∂x1
ϕ11 +
∂φ2
∂x2
ϕ12
)
dx =
∫
Ω
(
∂φ1
∂x1
ϕ12 +
∂φ1
∂x2
ϕ22
)
dx = 0,
where both integrals vanish because divϕ = 0. Thus∑
i,j
∫
Ω
εijϕij dx = s1111
∫
Ω
(
∂φ1
∂x2
− ∂φ2
∂x1
)
(ϕ11 + ϕ22) dx,
as claimed. Hence
∫
Ω curlφ trϕdx = 0, which by the sufficiency of the Donati
condition (10), guarantees the existence of some v ∈ H1(Ω)2 such that the given σ
comes from v. Since this condition does not depend on the elasticity tensor, the
displacement field v for any supposed elasticity tensor can be recovered by using
the same φ, which proves the first assertion (i).
We turn to (ii) and note that by isotropy ∆s1111 = 0. By the calculation in (i),
∆
∑
i,j
εijϕij = 2∆s1212
(
∂φ2
∂x1
ϕ11 +
∂φ2
∂x2
ϕ12 − ∂φ1
∂x1
ϕ12 − ∂φ1
∂x2
ϕ22
)
.
Since ∆s1212 is constant, we conclude that
∆
∑
i,j
∫
Ω
εijϕij dx = 0,
which shows the claimed independence.
We now consider the case when the condition on the data is relaxed, but cijkl
is constant and ∆(s1122/s1111) = 0. Since
∑
i〈σν, 1〉Γi = 0, the stress field σ exists
with components in L2(Ω) and by the Helmholtz decomposition (9) there exist
φ, q ∈ H1(Ω)2 such that(
σ11 σ12
σ12 σ22
)
=
(
∂φ1
∂x2
−∂φ1∂x1
∂φ2
∂x2
−∂φ2∂x1
)
+∇q.
By the necessity of (10), we have for any ϕ as above, that
0 = −
∑
i,j
∫
Ω
εijϕij dx = s1111
∫
Ω
curlφ trϕdx− s1122
∫
Ω
div q trϕdx. (12)
Provided 〈σν, 1〉Γi 6= 0 for some i, (12) holds independently of the elasticity tensor
if and only if ∆(s1122/s1111) = 0, since div q = 0 gives self-equilibriated holes,
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〈σν, 1〉Γi = 0. Thus, in general, then and only then there exists a displacement field
v ∈ H1(Ω)2 coming from σ, by the Donati condition (10). 
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